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Preface
Overview
This book surveys computer algorithms and programming techniques for specifying and generating
motion for graphical objects, that is, computer animation. It is primarily concerned with threedimensional (3D) computer animation. The main audience is advanced undergraduate or beginning
graduate students in Computer Science. Computer graphics programmers who want to learn the
basics of computer animation programming and artists who use software packages to generate computer animation (digital animators) who want to better understand the underlying computational
issues of animation software will also benefit from this book.
It should come as no surprise to anyone reading this book that activity in Computer Animation
has exploded in recent years - as a research area, as an academic field of study, as a career, and even
as a hobby. Feature length films are now often stored digitally and incorporate digital special effects
(often referred to as computer generated imagery and abbreviated CGI). As listed by the Internet
Movie Database (imdb.com) [1] as of March 2012, all of the top 10 U.S. films (All-Time U.S.
Box Office) depend on extensive use of CGI. Computer animated films have become top box office
attractions - according to the same movie database, 2 of the top 10 feature length films are computer
animations (Shrek 2 and Toy Story 3) with a third having a significant computer animation component (Avatar). Recent Technical Achievement and Scientific and Engineering awards from the
Motion Picture Academy of Arts and Sciences have been for digital image technology including render
queue management, facial motion retargeting, tools to review digital effects, and efficient rendering of
volumetric effects, just to name a few [2]. And, of course, the computer game industry has exploded.
The Entertainment Software Association estimate that, in 2010, consumers spent $25.1 billion on video
games, hardware and accessories [3].
Computer animation is more accessible that ever. Desktop, high-quality, computer animation is
now possible because of sophisticated off-the-shelf animation software, cheap CPU cycles, and
cheap storage coupled with digital video recording. Many technical programs and computer science
departments now offer courses in computer animation and the proliferating artistic programs train
digital artists in the use of off-the-shelf animation software. There are now major technical conferences and journals that archive developments in computer animation and video game algorithms
and techniques.
This book addresses practical issues, provides accessible techniques, and offers straightforward
implementations. Purely theoretical discussions have been avoided except to point out avenues of current and future research. In some cases, programming examples are complete working code
segments—in C, which can be copied, compiled, and run to produce basic examples of the algorithms
discussed; other programming examples are C-like pseudocode that can be translated into working
code. C was chosen because it forms the common basis for languages such as Cþþ and Java, and it
lends itself to illustrating the step-by-step nature of algorithms. The Appendixes cover basic material
that the reader may find useful as a refresher as well as specific algorithms for use in implementations.
This text is not intended for animators using off-the-shelf animation software (except to the
extent that it might help in understanding the underlying computations required for a particular
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technique). It does not attempt to cover the theory of computer animation, address the aesthetics of
computer animation, or discuss the artistic issues involved in designing animations. It does not detail
the production issues in the actual commercial enterprise of producing a finished piece of animation.
And, finally, it does not address the issue of computer-assisted animation, which, for our purposes, is
taken to mean the computerization of conventional hand-drawn techniques; for the most part, that
area has its own set of separate issues [4] [5]. The book does concentrate on full 3D computer animation and identifies the useful algorithms and techniques that animators and programmers can use
to move objects in interesting ways. While 3D techniques are the emphasis, 2D is not completely
ignored.
The fundamental objective of computer animation programming is to select techniques and
design tools that are expressive enough for animators to specify what they intend, yet at the same
time are powerful enough to relieve animators from specifying any details they are not interested in.
Obviously, no one tool is going to be right for every animator, for every animation, or even for every
scene in a single animation. The appropriateness of a particular animation tool depends on the effect
desired and the control required by the animator. An artistic piece of animation will usually require
tools different from those required by an animation that simulates reality or educates a patient. In this
spirit, alternative approaches are presented whenever possible.

Organization of the Book
This book presents background information in the first couple of chapters. Techniques that directly
specify motion (kinematic - not based on underlying forces) are presented in the next 4 chapters followed by 2 chapters that cover force-based (dynamics) animation. Character animation is then covered in 3 chapters. The last chapter covers special geometric models. Appendices provide extensive
support material. More detail about the chapters is given below.
Chapter 1 discusses general issues related to animation, including motion perception, the heritage
of conventional animation paying particular attention to its technological innovations, overviews of
animation production and computer animation production, and a snapshot of the ever-evolving history of computer animation. These provide a broad perspective of the art and craft that is animation.
Chapter 2 presents background material and reviews the basics of computer graphics necessary
for animation. It reviews computational issues in computer graphics to ensure a solid background
in the techniques that are important in understanding the remainder of the book. This includes a
review of the rendering pipeline and a discussion of the ordering of transformations to reduce
round-off errors that can creep into a series of calculations as one builds on another. A detailed section on quaternion representation of orientation is presented in this chapter as well. If the reader is
well versed in computer graphics, this chapter may be skimmed to pick up relevant terminology
or skipped altogether.
Chapters 3 and 4 cover interpolation. Chapter 3 presents the fundamentals. It introduces timespace curves, arc-length parameterization of a curve, and speed control along a curve. Interpolation
of orientation with an emphasis on using quaternions is then covered. Various ways to work with
paths are then presented. Chapter 4 presents animation techniques based on interpolation including
key frame interpolation, animation languages, shape deformation, and shape interpolation including
morphing.
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Chapters 5 and 6 are primarily concerned with kinematic control of articulated figures. Chapter 5
is concerned with kinematics of linked appendages. It covers both forward and inverse kinematics.
Chapter 6 covers the basics of motion capture (mocap). First, the basic technology is reviewed. Then
the chapter discusses how the images are processed to reconstruct articulated figure kinematics,
including some techniques to modify the resultant mocap data.
Chapters 7 and 8 cover animation that is more concerned with simulating real-world (e.g.
physics-based) processes. Chapter 7 covers physics-based animation as well as mass-spring-damper
systems, particle systems, rigid body dynamics, and enforcing constraints. It has an additional section on ways to model cloth. Chapter 8 covers the modeling and animation of fluids. It first covers
models that handle specific macro-features of fluids and then covers computational fluid dynamics
(CFD) as it relates to computer animation.
Chapters 9 through 11cover animation concerned with people and other critters. Chapter 9 covers
human figure animation: modeling, reaching, walking, clothing, and hair. Chapter 10 covers facial
animation: facial modeling, expressions, and lip-sync animation. Chapter 11 covers behavioral
animation including flocking, predator–prey models, intelligent behavior and crowd behavior.
Finally, Chapter 12 covers a few special models that are useful to animation: implicit surfaces,
L-systems, and subdivision surfaces.
Appendix A presents rendering issues often involved in producing images for computer animation:
double buffering, compositing, computing motion blur, drop shadows, and billboarding. It assumes a
general knowledge of the use of frame buffers, how a z-buffer display algorithm works, and aliasing.
Appendix B is a collection of relevant material from a variety of disciplines. It contains a survey
of interpolation and approximation techniques, vector algebra and matrices, quaternion conversion
code, the first principles of physics, several useful numeric techniques, optimization, and attributes
of film, video, and image formats, and a few other topics.
The Web page associated with the book, containing images, code, and figures can be found at
textbooks.elsevier.com/9780125320009.
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CHAPTER

Introduction

1

Computer animation, for many people, is synonymous with big-screen events such as Star Wars, Toy
Story, and Avatar. But not all, or arguably even most, computer animation is done in Hollywood. It is
not unusual for Saturday morning cartoons to be entirely computer generated. Computer games take
advantage of state-of-the-art computer graphics techniques and have become a major motivating force
driving research in computer animation. Real-time performance-driven computer animation has
appeared at SIGGRAPH1 and on Sesame Street. Desktop computer animation is now possible at a reasonable cost. Computer animation on the Web is routine. Digital simulators for training pilots, SWAT
teams, and nuclear reactor operators are commonplace. The distinguishing characteristics of these various venues are the cost, the image quality desired, and the amount and type of interaction allowed. This
book does not address the issues concerned with a particular venue, but it does present algorithms and
techniques used to do computer animation in all of them.
Computer animation, as used here, refers to any computer-based computation used in producing
images intended to create the perception of motion. The emphasis in this book is on algorithms and
techniques that process three-dimensional graphical data. In general, any value that can be changed
can be animated. An object’s position and orientation are obvious candidates for animation, but all
of the following can be animated as well: the object’s shape, its shading parameters, its texture coordinates, the light source parameters, and the camera parameters.
This book is organized as follows. To lay a firm foundation for the rest of the book, Chapter 2 surveys
the technical background of computer graphics relevant to computer animation. This includes the fundamental geometric transformations and associated representations of graphical data. It can be skipped
by those well versed in the mathematics of the computer graphics display pipeline. Chapters 3–11 cover
various computer animation algorithms and techniques: Chapters 3–5 deal with directly specifying
motion (kinematics), Chapter 6 covers digitizing motion (motion capture), Chapters 7 and 8 consider
physically based animation (dynamics), and Chapters 9–11 concentrate on (mostly human) figure
animation. Finally, Chapter 12 surveys some modeling techniques that have been used in computer
animation. The appendices provide ancillary material. Appendix A covers rendering issues that are
relevant for animation, and Appendix B provides detail of the mathematics used in the text.
In considering computer animation techniques, there are basically three general approaches to
motion control. The first is artistic animation in which the animator has the prime responsibility
for crafting the motion. The foundation of artistic animation is interpolation. Various animation

1

SIGGRAPH is the Association for Computing Machinery’s (ACM) special interest group on computer graphics. The ACM
is the main professional group for computer scientists.
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CHAPTER 1 Introduction

techniques based on interpolation are concentrated in the early chapters (Chapters 3–5). The second
is data-driven animation in which live motion is digitized and then mapped onto graphical objects.
The primary technology for data-driven animation is referred to as motion capture and is the topic
of Chapter 6. The third is procedural animation, in which there is a computational model that is
used to control the motion. Usually, this is in the form of setting initial conditions for some type
of physical or behavioral simulation. Procedural animation is concentrated in the later chapters
(Chapters 7–11).
To set the context for computer animation, it is important to understand its heritage, its history, and
certain relevant concepts. The rest of this chapter discusses motion perception, the technical evolution
of animation, animation production, and notable works in computer animation. It provides a grounding
in computer animation as a field of endeavor.

1.1 Motion perception
A picture can quickly convey a large amount of information because the human visual system is a
sophisticated information processor. It follows, then, that moving images have the potential to convey
even more information in a short time. Indeed, the human visual system has evolved to provide for
survival in an ever-changing world; it is designed to notice and interpret movement.
It is widely recognized that a series of images, when displayed in rapid succession, are perceived by
an observer as a single moving image. This is possible because the eye–brain complex has the ability,
under sufficient viewing conditions and within certain playback rates, to create a sensation of continuous imagery from such a sequence of still images. A commonly held view is that this experience is due
to persistence of vision, whereby the eye retains a visual imprint of an image for a brief instant once the
stimulus is removed. It is argued that these imprints, called positive afterimages of the individual stills,
fill in the gaps between the images to produce the perception of a continuously changing image. Peter
Roget (of Roget’s Thesaurus fame) presented the idea of impressions of light being retained on the
retina in 1824 [35]. But persistence of vision is not the same as perception of motion. Rotating a white
light source fast enough will create the impression of a stationary white ring. Although this effect can be
attributed to persistence of vision, the result is static. The sequential illumination of a group of lights
typical of a movie theater marquee produces the illusion of a lighted object circling the signage. Motion
is perceived, yet persistence of vision does not appear to be involved because no individual images are
present. Recently, the causality of the (physiological) persistence of vision mechanism has been called
into question and the perception of motion has been attributed to a (psychological) mechanism known
as the phi phenomenon (as is the case in the movie marquee example given above). A related phenomenon, for example the apparent motion of a disk traveling between two flickering disks, is referred to as
beta movement [1] [2] [13] [39].
Whatever the underlying mechanism is, the result is that in both film and video, a sequence of
images can be displayed at rates fast enough to fool the eye into interpreting it as continuous imagery.
When the perception of continuous imagery fails to be created, the display is said to flicker. In this case,
the animation appears as a rapid sequence of still images to the eye–brain complex. Depending on conditions such as room lighting and viewing distance, the rate at which individual images must be played
back in order to maintain the perception of continuous imagery varies. This rate is referred to as the
critical flicker frequency [8].

1.1 Motion Perception
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While perception of motion addresses the lower limits for establishing the perception of continuous
imagery, there are also upper limits to what the eye can perceive. The receptors in the eye continually
sample light in the environment. The limitations on motion perception are determined, in part, by the
reaction time of those sensors and by other mechanical limitations such as blinking and tracking. If an
object moves too quickly with respect to the viewer, then the receptors in the eye will not be able to
respond fast enough for the brain to distinguish sharply defined, individual detail; motion blur results
[11]. In a sequence of still images, motion blur is produced by a combination of the object’s speed and
the time interval over which the scene is sampled. In a still camera, a fast-moving object will not blur if
the shutter speed is fast enough relative to the object’s speed. In computer graphics, motion blur will
never result if the scene is sampled at a precise instant in time; to compute motion blur, the scene needs
to be sampled over an interval of time or manipulated to appear as though it were [21] [32]. (See
Appendix A.3 for a discussion of motion blur calculations.) If motion blur is not calculated, then
images of a fast-moving object can appear disjointed, similar to viewing live action under the effects
of a strobe light. This effect is often referred to as strobing. In hand-drawn animation, fast-moving
objects are typically stretched in the direction of travel so that the object’s images in adjacent frames
overlap [49], reducing the strobing effect.
As reflected in the previous discussion, there are actually two rates of concern. One is the playback
or refresh rate—the number of images per second displayed in the viewing process. The other is the
sampling or update rate—the number of different images that occur per second. The playback rate is
the rate related to flicker. The sampling rate determines how jerky the motion appears. For example, a
television signal conforming to the National Television Standards Committee (NTSC) format displays
images at a rate of roughly 30 frames per second (fps),2 but because it is interlaced,3 fields are played
at 60 frames per second to prevent flicker under normal viewing conditions [34]. In some programs
(e.g., some Saturday morning cartoons) there may be only six different images per second, with each
image repeatedly displayed five times. Often, lip-sync animation is drawn on twos (every other frame)
because drawing it on ones (animating it in every frame) makes it appear too hectic. Film is typically
shown in movie theatres at playback rates of 24 fps (in the United States) but, to reduce the flicker,
each frame is actually displayed twice (double-shuttered) to obtain an effective refresh rate of 48 fps.
On the other hand, because an NTSC television signal is interlaced, smoother motion can be produced
by sampling the scene every 60th of a second even though the complete frames are only played back
at 30 fps [8]. Computer displays are typically progressive scan (noninterlaced) devices with refresh
rates above 70 fps [34]. See Appendix B.10 for some details concerning various film and video
formats.
The display and perception of animation using a sequence of still images imposes certain requirements on how those images are computed and played effectively. Understanding the operation, limits,
and trade-offs of the human visual system are essential when making intelligent decisions about designing any type of visual and auditory content, including computer animation.
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More accurately, the format for broadcast television system, established by the NTSC, specifies a frame rate of 29.97
fps [29].
3
An interlaced display is one in which a frame is divided into two fields. Each field consists of odd or even numbered scanlines. The odd and even fields are displayed in alternate scans of the display device [8].
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CHAPTER 1 Introduction

1.2 The heritage of animation
In the most general sense, animate4 means “give life to” and includes live-action puppetry such as that
found on Sesame Street and the use of electromechanical devices to move puppets, such as animatronics.
History is replete with attempts to bring objects to life. This history is a combination of myth,
deception, entertainment, science, and medicine. Many of the references to animation are in the form
of stories about conjuring a life force into some humanoid form: from Pygmalion to Prometheus to
Wagner’s homunculus in Goethe’s Faust to Shelley’s Dr. Frankenstein. Some of the history is about
trying to create mechanical devices that mimic certain human activity: from Jacque Vaucanson’s
mechanical flute player, drummer, and defecating duck in the 1730s to Wolfgang von Kempelen’s chess
player in 1769 to Pierre Jaquet-Droz’s writing automaton of 1774 to the electromechanical humanoid
robots (animatronics) popular today. The early mechanisms from the 1700s and 1800s were set in
the milieu of scientific debate over the mechanistic nature of the human body (e.g., L’Homme Machine,
translated as Man a Machine, was written by Julien Offray de La Mettrie in 1747 and was
quite controversial). This activity in humanoid mechanical devices was propelled by a confluence of
talents contributed by magicians, clock makers, philosophers, scientists, artists, anatomists, glove
makers, and surgeons (see Gaby Wood’s book for an entertaining survey on the quest for mechanical
life [50]). Here, however, the focus is on devices that use a sequence of individual still images to create
the effect of a single moving image, because these devices have a closer relationship to hand-drawn
animation.

1.2.1 Early devices
Persistence of vision and the ability to interpret a series of stills as a moving image were actively investigated in the 1800s [5], well before the film camera was invented. The recognition and subsequent
investigation of this effect led to a variety of devices intended as parlor toys [23] [38]. Perhaps the
simplest of these early devices is the thaumatrope, a flat disk with images drawn on both sides with
two strings connected opposite each other on the rim of the disk (see Figure 1.1). The disk could be
quickly flipped back and forth by twirling the strings. When flipped rapidly enough, the two images
appear to be superimposed. The classic example uses the image of a bird on one side and the image of a
birdcage on the other; the rotating disk visually places the bird inside the birdcage. An equally primitive
technique is the flip book, a tablet of paper with an individual drawing on each page. When the pages are
flipped rapidly, the viewer has the impression of motion.
One of the most well known early animation devices is the zoetrope, or wheel of life. The zoetrope
has a short fat cylinder that rotates on its axis of symmetry. Around the inside of the cylinder is a
sequence of drawings, each one slightly different from the ones next to it. The cylinder has long vertical
slits cut into its side between each adjacent pair of images so that when it is spun on its axis each slit
allows the eye to see the image on the opposite wall of the cylinder (see Figure 1.2). The sequence of
slits passing in front of the eye as the cylinder is spun on its axis presents a sequence of images to the
eye, creating the illusion of motion.
4

A more restricted definition of animation, also found in the literature, requires the use of a sequence of stills to create the
visual impression of motion. The restricted definition does not admit techniques such as animatronics or shadow puppets
under the rubric animation.

1.2 The Heritage of Animation
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FIGURE 1.1
A thaumatrope.

FIGURE 1.2
A zoetrope.

Related gizmos that use a rotating mechanism to present a sequence of stills to the viewer are the
phenakistoscope and the praxinoscope. The phenakistoscope also uses a series of rotating slots to
present a sequence of images to the viewer by positioning two disks rotating in unison on an axis;
one disk has slits, and the other contains images facing the slits. One sights along the axis of rotation
so the slits pass in front of the eye, which can thus view a sequence of images from the other disk.
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